A nonequilibrium approach to the dynamics and statistics of the condensate of an ideal N-atom Bose gas cooling via interaction with a thermal reservoir using the canonical ensemble is developed. We derive simple analytical expressions for the canonical partition function and equilibrium distribution of the number of atoms in the ground state of a trap under different approximations, and compare them with exact numerical results. The N-particle constraint associated with the canonical ensemble is usually a burden. In the words of Kittel, ''in the investigation of the Bose-Einstein . . . laws it is very inconvenient to impose the restriction that the number of particles in the subsystem shall be held constant.'' But in the present approach, based on the analogy between a second-order phase transition and laser threshold behavior, the N-particle constraint makes the problem easier. We emphasize that the present work provides another example of a case in which equilibrium ͑detailed balance͒ solutions to nonequilibrium equations of motion provide a useful supplementary approach to conventional statistical mechanics. We also discuss some dynamical and mesoscopic aspects of Bose-Einstein condensation. The conclusion is that the present analytical ͑but approximate͒ results, based on a nonequilibrium approach, are in excellent agreement with exact ͑but numerical͒ results. The present analysis has much in common with the quantum theory of the laser.
I. INTRODUCTION
Bose-Einstein condensation ͑BEC͒ ͓1-3͔ is, and has long been, a fascinating subject in its own right, and has become even more interesting in light of successful experimental demonstrations of BEC in dilute 4 He ͓4͔ and ultracold atomic gases ͓5-8͔. Furthermore the production of ''coherent atomic beams,'' the so-called atom laser ͓9͔, and its relation to the conventional laser, is intriguing, as is the relation between the BEC phase transition and the quantum theory of the laser ͓10͔.
However, as noted by Uhlenbeck ͓1͑c͔͒, the physics of BEC is subtle with many pitfalls and surprises. In the following numbered paragraphs we cite a few such difficulties and indicate how the present work handles ͑or mishandles͒ these problems.
͑1a͒ Uhlenbeck criticized Einstein's arguments concerning the implied singularity in the equation of state at T c . Kahn and Uhlenbeck later ͓1͑d͔͒ pointed out that the ''discussion of the condensate requires that the bulk limit be taken in which the number and volume are made infinite with the density, N/V fixed.'' But this leaves open the question of how best to think about and define T c for finite mesoscopic systems.
͑1b͒ In the present paper ͑see Sec. VII͒, and in our earlier paper ͓11͔, which we refer to as CNB I, we show that it is useful to follow the lead of laser theory wherein the critical threshold inversion is defined as that for which gain equals loss. That is, in recent work we showed that we can think of and redefine the critical temperature as being the temperature at which the gain in condensate particle number ͑due to cooling͒ equals the loss ͑due to heating͒. This yields the usual value of T c , i.e., T c ϭប"N/(3)… 1/3 for a weak harmonic trap. We also find the Ketterle-van Druten ͓12͔ modified critical temperature expression ͚ n,l,m ͕͓exp ប(lϩmϩn)/T c
Ϫ1͔͖
Ϫ1 ϭN when we go to stronger traps. It should be emphasized that this approach extends the critical temperature concept to the mesoscopic systems, involving say 10 3 atoms, in a natural fashion.
͑2a͒ Furthermore as Ziff, Uhlenbeck, and Kac ͓3͔ pointed out that '' ͓When͔ the grand canonical properties for the ideal Bose gas are derived, it turns out that some of them differ from the corresponding canonical properties-even in the bulk limit!'' and later on they say: ''The differences that we have just found between some bulk properties in the canonical and the grand canonical ensembles are particularly striking because they represent infinite systems for which it is usually supposed that the ensembles are equivalent . . . In this section we investigate the grand canonical ensemble and show that it loses its validity for the ideal Bose gas in the condensed region.'' Most recently Holthaus, Kalinowski, and Kristen ͑HKK͒ note that ͓13͔ ''There is, however, one serious failure of the grand canonical ensemble. Grand canonical statistics predicts that the mean-square fluctuation ͗⌬n 2 ͘ gc of the th single-particle level's occupation equals ͗n ͘ gc (͗n ͘ gc ϩ1). Applied to the ground state ϭ0, this gives ͗⌬n 0 2 ͘ gc ϭ͗n 0 ͘ gc (͗n 0 ͘ gc ϩ1) even when the tempera-ticles occupy the ground state, the fluctuation has to die out. This grand canonical fluctuation catastrophe has been discussed by generations of physicists, . . . .'' ͑2b͒ We take a different approach to the problem, always working in the canonical ensemble ͓14͔. Our results are in excellent agreement with exact numerical ''experiments'' of Wilkens and Weiss ͓15͔ and Grossmann and Holthaus ͓16͔, whose results are referred to as WWGH. In Fig. 1 , we present the comparison of the results of CNB I with the exact results for the probability p(n 0 ) of finding n 0 atoms in the ground state. The present paper focuses on the ideal noninteracting Bose gas. However the problem of anomalous fluctuations in the interacting gas is of current interest and is discussed in CNB III ͓18͔. There we regain and extend the recent results of Giorgini, Pitaevskii and Stringari ͓17͔. ͑3a͒ It is textbook wisdom that the canonical ensemble is not user friendly, to quote Kittel ͓19͔: ''In the investigation of the Bose-Einstein . . . laws it is very inconvenient to impose the restriction that the number of particles in the subsystem shall be held constant. '' ͑3b͒ However, in the present approach the N-particle constraint associated with the canonical ensemble makes the problem easier. The following quote from CNB I makes the point: ''The N particle constraint is included naturally in the present formulation . . . . We emphasize that the present work provides another example in which steady state ͑de-tailed balance͒ solutions to nonequilibrium equations of motion provide a supplementary approach to conventional statistical mechanics ͑e.g., partition function calculations͒. This is of interest since, for example, the partition sums in the canonical ensemble are complicated by the restriction to N particles. Stated differently, the present approach lends itself to different approximations, yielding, among other things, a simple ͑approximate͒ analytic expression for the ground state density matrix for N trapped bosons.'' ͑4a͒ Herzog and Olshanii ͓20͔ noted that there was no known simple analytical expression for the canonical partition function.
͑4b͒ We presented a simple expression for Z N in CNB I, the present refined version of which is given by Eq. ͑7͒ below. We also point to the paper of HKK in this context. This important work was not known to us at the time of publication of CNB I. Detailed comparison between their work and ours will be given in a later paper.
We next turn to a discussion of our main results and their physical interpretation. As mentioned earlier, the condensation of bosonic atoms in a trap has obvious similarities to the threshold behavior of a laser. We recall that, in the quantum theory of laser, the dynamics of laser light is conveniently described by a master equation obtained by treating the atomic ͑gain͒ media and cavity dissipation ͑loss͒ as reservoirs which when ''traced over'' yield the coarse-grained equation of motion for the reduced density matrix for laser radiation. In this way we arrive at the equation of motion for the probability of having n photons in the cavity ͓10͔:
where A is the linear gain, B is the nonlinear saturation which comes from the fact that after emission the atoms become ''absorbers,'' and C is the cavity decay rate. Solving Eq. ͑1͒ in the steady state we find
where the normalization can be written in terms of confluent hypergeometric functions as
͑3͒
From Eq. ͑2͒ we have the important result that partially coherent laser light has a sharp photon distribution ͑with a width several times Poissonian for a typical He-Ne laser͒ due to the presence of B in our equation. Thus we see that the saturation nonlinearity in the radiation matter interaction is essential for laser coherence. One naturally has to ask whether the corresponding nonlinearity in BEC is due solely to atom-atom scattering, or if there is a nonlinearity even in an ideal Bose gas. As in CNB I, we shall see that the latter is the case. More generally we pose the following question: Is there a similar nonequilibrium approach for BEC in a dilute atomic gas that helps us in understanding the underlying physical mechanisms for the condensation, the critical behavior, and the associated nonlinearities? The answer to this question, as discussed in CNB I, is ''yes'' ͓11͔. The extended and improved treatment is the subject of this paper.
Thus we consider the cooling of an ideal noninteracting N-atom Bose gas confined inside a trap. The gas interacts with a thermal reservoir at temperature T. As pointed out above, most studies relating to this problem have been concerned with the evaluation of the partition function. Of course, the statistics of the Bose atoms in the ground state of a trap can be inferred from these partition functions. In general, there is a dearth of analytic expressions for the canonical partition function for the ideal Bose gas. However, thanks to WWGH, exact numerical results can be and have been obtained.
As discussed in CNB I and further explained in Sec. II of the present paper, we obtain a simple master equation for the density matrix of the Bose gas as it cools toward the ground state via heat exchange with a harmonic-oscillator reservoir. The master equation for the distribution function of the condensed bosons p n 0 takes the form
and is seen to be similar to Eq. ͑1͒ for the laser. Here H n 0 and K n 0 are the heating and cooling coefficients with analogy to the cavity loss and saturated gain parameters in the laser master equation. These coefficients depend upon trap parameters such as the shape of the trap, the total number of bosons in the trap, N, and the temperature T.
Simple analytic expressions for H n 0 and K n 0 can be derived under various approximations and for various trap shapes. In CNB I, simple closed form expressions were derived for these coefficients for a three-dimensional ͑3D͒ harmonic trap. These expressions yield good qualitative agreement with the exact results, and yield insight into, for example, the meaning of the ''critical temperature'' for a mesoscopic system; see Sec. VII. In the weak trap limit Eq. ͑4͒ is given in CNB I as
where T is the temperature of the heat bath and T c is the transition temperature. The physical meaning of the terms in Eq. ͑4͒ as flow of probability is given in Fig. 2 . Upon relaxing the restriction to a weak trap the ''heating rate '' term (T/T c ) 3 N in Eq. ͑5͒ is replaced by
where ␤ϭ1/T and ͕n͖ denote the quantum numbers appropriate for the chosen trap potential, e.g., for a harmonic trap ⑀(͕n͖)ϭប(nϩlϩm). In such a case, the steady-state solution to Eq. ͑5͒ may be written as
As presented in Fig. 3 , here we extend CNB I and obtain improved analytical results for the distribution function of the condensed bosons, and hence the partition function. As shown in Sec. IV, Eq. ͑5͒ can be extended and improved in a natural way; see Fig. 3 . We then find the following expressions for the condensate distribution p n 0 and the partition function Z N :
where ( 
͑8͒
This ''approximate'' result is in excellent agreement with the exact numerical results for a wide range of parameters. In Fig. 4 -6, we present numerical comparison of the exact results for the distribution of condensed atoms, p n 0 , with these approximate explicit formulas in the particular case of three-dimensional isotropic harmonic trap ͑see Sec. V A͒ for various temperatures. The results indicate an excellent agreement between the exact results and the results based on quasithermal approximation. We also plot the mean value ͗n 0 ͘ ͑Fig. 7͒ and the variance squared ⌬n 0 2 ͑Fig. 8͒. In all cases the present approximate analytical results agree almost perfectly with the exact numerical ones.
The master equation approach of this paper also yields analytic results for the partition function, critical temperature, and distribution function for the condensed bosons for various shapes of the trap potential. Although we confine ourselves to a noninteracting Bose gas, the master equation approach provides a potentially powerful tool for studying BEC in systems with interacting gases as well. This will be further discussed elsewhere.
The paper is organized as follows. In Sec. II we present the ''ideal gas plus reservoir'' model, and outline the master equation approach to the description of the condensate in the canonical ensemble. We also present an explicit expression for the canonical partition function. In Sec. III we give the steady-state solution to the master equation in the simplest low-temperature approximation, and in Sec. IV in a more complete and accurate quasithermal approximation. Main parameters of the different traps that determine statistics of the BEC are presented in Sec. V. Condensate statistics in the thermodynamic limit is summarized in Sec. VI. Dynamics and mesoscopic effects in BEC are discussed in Sec. VII. In Sec. VIII, we discuss the prospects for further applications of the master equation approach in the BEC problem.
II. MASTER EQUATION FOR AN IDEAL BOSE GAS
We consider the usual model of a dilute gas of Bose atoms when interatomic scattering is neglected. This ideal Bose gas is confined inside a trap, so that the number of atoms, N, is fixed but the total energy, E, of the gas is not fixed. Instead, the Bose atoms exchange energy with a reservoir which has a fixed temperature T. This ''ideal gas plus reservoir'' model allows us to demonstrate most clearly the master equation approach to the analysis of dynamics and statistics of BEC, and, in particular, the advantages and typical mathematical tools of the method. Its extension for the case of an interacting gas which includes usual many-body effects due to interatomic scattering will be discussed elsewhere.
Thus we study the so-called canonical ensemble problem. It describes, in some sense, an intermediate situation as compared with the microcanonical ensemble and the grandcanonical ensemble. In the microcanonical ensemble, the gas is completely isolated, Eϭconst and Nϭconst, so that there is no exchange of energy or atoms with a reservoir. In the grand-canonical ensemble, only the average energy per atom, i.e., the temperature T and the average number of atoms ͗N͘ are fixed. In such a case there is an exchange of both energy and atoms with the reservoir.
The ideal gas plus thermal reservoir model provides the simplest description of many qualitative and, in some cases, quantitative characteristics of the BEC. In particular, it explains many features of the condensate dynamics and fluctuations. In the present paper, we shall focus mainly on the latter problem. The predictions of the grand-canonical ensemble model are not relevant in this respect to the actual BEC properties ͑see, e.g., the nice review in Ref. ͓3͔͒. 
A. ''Ideal gas plus thermal reservoir'' model
For many problems a concrete realization of the reservoir system is not very important if its energy spectrum is dense and flat enough. For the sake of simplicity, we assume that the reservoir is an ensemble of simple harmonic oscillators whose spectrum is dense and smooth enough. The interaction between the gas and the reservoir is described by the interaction picture Hamiltonian
where b j † is the creation operator for the reservoir j oscillator, FIG. 4 . The distributions of the number of atoms in the ground level of a trap, p n 0 , for different approximations ͓dashed lines for the low-temperature approximation ͑30͒, solid lines for the quasithermal approximation ͑40͒, and dots for the numerical simulation of the exact relations ͑44͒ and ͑46͔͒ at different temperatures for a harmonic isotropic trap with Nϭ1000. Fig. 1 for a harmonic isotropic trap with Nϭ200 atoms.
FIG. 5. The same as in
and a k † and a k (k 0) are the creation and annihilation operators for the atoms in the kth level. Here ប k is the energy of the kth level of the trap, and g j,kl is the coupling strength.
B. Bose gas master equation
The motion of the total gas plus reservoir system is governed by the equation for the total density matrix in the interaction representation,
Integrating the above equation and inserting (t) into the commutator and tracing the reservoir, we obtain the exact various approximations ͓dashed lines for the low temperature approximation ͑30͒, solid lines for the quasithermal approximation ͑40͒, and dots for the numerical simulation of the exact relations ͑44͒ and ͑46͔͒. Harmonic isotropic trap with ͑a͒ Nϭ20, ͑b͒ N ϭ200, and ͑c͒ Nϭ500.
equation of motion for the density matrix of the Bose atoms subsystem,
where Tr res stands for the trace over the reservoir degrees of freedom. In Eq. ͑11͒ we omit the term Tr res ͓V, total (tϭ0)͔, which is zero since total (0)ϭ(0) res (0). We assume that the reservoir is large and remains unchanged during the interaction with the dynamical subsystem ͑Bose gas͒. As is discussed in Appendix A, the density operator for the total system ͑gas plus reservoir͒ can then be factored, i.e., total (tЈ)Ϸ(tЈ) res , where res is the equilibrium density matrix of the reservoir. If the spectrum is smooth, we are justified in making the Markov approximation. We then obtain the following equation for the reduced density operator for the Bose subsystem:
In deriving Eq. ͑12͒, we replaced the summation over reservoir modes by an integration with the density of reservoir modes D( kl ), and neglected the frequency dependence of the coefficient ϭ2Dg 2 /ប 2 ; see Appendix A. Here
is the average occupation number of the heat bath oscillator at frequency kl ϵ k Ϫ l . Equation ͑12͒ is the equation of motion for the Bose gas with a fixed number of atoms N.
C. Condensate master equation
What we are most interested in is the probability distribution
of the number of condensed atoms n 0 , i.e., the number of atoms in the ground level of the trap. Here we introduce the probability of having n 0 atoms in the ground level and n k atoms in the kth level,
as a diagonal element of the density matrix in the canonical ensemble where n 0 ϩ ͚ kϾ0 n k ϭN and ͉n 0 ,͕n k ͖ n 0 ͘ is an arbitrary state of N atoms with occupation numbers of the trap's energy levels, n k , subject to the condition that there are n 0 atoms in the ground state of the trap. In order to obtain an equation of motion for the condensate probability distribution p n 0 , we need to perform the summation over all possible occupations ͕n k ͖ n 0 of the excited levels in the trap. The resulting equation of motion for p n 0 is FIG. 8 . The variance of the number of atoms in the ground level of a trap vs normalized temperature T/T c , under various approximations ͓dashed lines for the low-temperature approximation ͑30͒, solid lines for the quasithermal approximation ͑40͒, and dots for the numerical simulation of the exact relations ͑44͒ and ͑46͔͒. Harmonic isotropic trap with ͑a͒ Nϭ20, ͑b͒ Nϭ200, and ͑c͒ Nϭ500 atoms.
where k Ј ϭ( k Ј ) and the sum ͚ k Ј runs over all excited levels.
To simplify Eq. ͑16͒ we assume that the atoms in the excited levels with a given number of condensed atoms n 0 are in an equilibrium state at the temperature T, i.e.,
where ͚ kϾ0 n k ϭNϪn 0 and we assume that the sum ͚ kϾ0 runs over all energy states of the trap, including degenerate states whose occupations n k are treated as different stochastic variables. Equation ͑17͒ implies that the sum ͚ kϾlϾ0 in Eq. ͑16͒ is equal to zero, since
Equation ͑18͒ is precisely the detailed balance condition. The average number of atoms in an excited level, subject to the condition that there are n 0 atoms in the ground state, is equal to
Therefore, the equation of motion for p n 0 can be rewritten in the symmetrical and transparent form
where
͑22͒
We can obtain the steady state distribution of the number of atoms condensed in the ground level of the trap from Eq. ͑20͒. The mean value and the variance of the number of condensed atoms can then be determined. It is clear from Eq. ͑20͒ that there are two processes: cooling and heating. The cooling process is represented by the first two terms with the cooling coefficient K n 0 , and the heating by the third and fourth terms with the heating coefficient H n 0 . The detailed balance condition yields the following expression for the number distribution of the condensed atoms
Next we note that
In view of this we rewrite Eq. ͑23͒ as
Hence the partition function Z N is determined by the normalization condition ͚ n 0 ϭ0 N p n 0 ϭ1, that is,
The functions H i and K i as given by Eqs. ͑21͒ and ͑22͒
involve, along with k Ј ͓Eq. ͑13͔͒, the function ͗n k Ј ͘ n 0 ͓Eq.
͑19͔͒. In the following sections, we shall derive closed-form expressions for these quantities under various approximations. The master equation ͑20͒ for the distribution function for the condensed atoms is one of our main results. It yields explicit expressions for the statistics of the condensed atoms and the canonical partition function. Under the above assumption of a thermal equilibrium for noncondensed atoms, we have
In the next two sections we present different approximations that clarify general result ͑23͒.
III. LOW-TEMPERATURE APPROXIMATION
At low enough temperatures, the average occupations in the reservoir are small and k Ј ϩ1Ӎ1 in Eq. ͑21͒. This suggests the simplest approximation for the cooling coefficient
͑26͒
In addition, at very low temperatures the number of noncondensed atoms is also very small, we can therefore approximate ͗n k Ј ͘ n 0 ϩ1 by 1 in Eq. ͑22͒. Then the heating coefficient is a constant equal to the total average number of thermal excitations in the reservoir at all energies corresponding to the energy levels of the trap:
Under these approximations, the condensate master equation ͑20͒ simplifies considerably, and contains only one nontrivial parameter H. We obtain
It may be noted that Eq. ͑28͒ has the same form as the equation of motion for the photon distribution function in a laser operating not too far above threshold. The identification is complete if we define the gain, saturation, and loss parameters in the laser master equation by (Nϩ1), , and H, respectively. The mechanism for gain, saturation, and loss are however different in the present case. A laser phase transition analogy exists via the P representation ͓21,22͔. A formal similarity with the laser equation leads to a Ginzburg-Landau-type free energy ͓10,21,22͔
where a(T)ϭϪ(NϪH)/N and b(T)ϭ1/2N for large N near T c . The resulting steady-state distribution for the number of condensed atoms is given by
where Z N ϭ1/p N is the partition function. It follows from the normalization condition ͚ n 0 p n 0 ϭ1 that
is an incomplete gamma function. The distribution ͑30͒ can be presented as a probability distribution for the total number of noncondensed atoms, n ϭNϪn 0 :
This looks something like a Poisson distribution; however, due to the additional normalization factor, N!/⌫(Nϩ1,H) 1, and a finite number of admissible values of n ϭ0,1,...,N, it is not Poissonian. The mean value and the variance can be calculated from the distribution ͑30͒ for an arbitrary finite number of atoms in the Bose gas:
As we shall see from the extended treatment in Sec. IV, approximations ͑26͒ and ͑27͒ and therefore the results ͑33͒ and ͑34͒ are clearly valid at low temperatures, i.e., in the weak trap limit, TӶ 1 , where 1 is an energy gap between the first excited and the ground levels of a single-particle spectrum in the trap. However, in the case of a harmonic trap, results ͑33͒ and ͑34͒ show qualitatively correct behavior for all temperatures, including Tӷ 1 and TϳT c ͓11͔.
IV. QUASITHERMAL APPROXIMATION FOR NONCONDENSATE OCCUPATIONS
At arbitrary temperatures, a very reasonable approximation for the average noncondensate occupation numbers in the cooling and heating coefficients, ͓Eqs. ͑21͒ and ͑22͔͒, is suggested by Eq. ͑25͒ in a quasithermal form,
͑35͒
where k ϭប k , k is given by Eq. ͑13͒ and H by Eq. ͑27͒.
Equation ͑35͒ satisfies the canonical ensemble constraint N ϭn 0 ϩ ͚ kϾ0 n k independently of the resulting distribution p n 0 . This important property is based on the fact that a quasithermal distribution ͑35͒ provides the same relative average occupations in excited levels of the trap as in the thermal reservoir ͓Eq. ͑13͔͒.
In this approximation, the cooling and heating coefficients ͑21͒ and ͑22͒ are
Compared with the low temperature approximations ͑26͒ and ͑27͒, these coefficients acquire an additional contribution (NϪn 0 ) due to the cross-excitation parameter
Now the condensate master equation ͑20͒ contains two nontrivial parameters H and :
͑39͒
The steady-state solution of Eq. ͑39͒ is given by
where the canonical partition function Z N ϭ1/p N is
The master equation ͑39͒ for p n 0 , and the analytic approximate expressions ͑40͒ and ͑41͒ for the condensate distribution function p n 0 and the partition function Z N , respectively, are among the main results of this paper. As we shall see later, they provide a very accurate description of the Bose gas for a very large range of parameters and for different trap potentials.
The canonical partition function ͑41͒ also allows us to calculate the microcanonical partition function ⍀(E,N) by means of the inversion of the definition
In particular, for the isotropic harmonic trap with an eigenfrequency this can be accomplished by an application of the saddle-point approximation to the contour integral:
An accurate knowledge of the canonical partition function is essential for the calculation of the microcanonical condensate fluctuations by the saddle-point method, as was demonstrated recently ͓16͔ by a numerical comparison with exact microcanonical simulations. If we start with the grandcanonical partition function and apply the saddle-point approximation twice, first to obtain the canonical partition function from the grand canonical one and then to invert Eq. ͑42͒ via Eq. ͑43͒, the result would be incorrect for E ϽNប 1 where ប 1 is the energy of the first excited state ͑see Refs. ͓16,23͔͒. In principle, the knowledge of the canonical partition function allows us to calculate thermodynamic and statistical equilibrium properties of the system in the standard way ͑see, e.g., Refs. ͓3,24͔͒.
There is a general relation between the probability distribution of the number of atoms in the ground state, p n 0 , and the canonical partition function ͓15͔
which is obviously satisfied by our explicit formula ͑40͒. Previously, the closed-form expression for the canonical partition function ͑42͒ was known only for one-dimensional harmonic traps ͓25,26͔:
͑45͒
In the general case, there exists only a recursion relation that is quite complicated and difficult for analysis ͓15,24,27,28͔:
However, Eq. ͑46͒ can be used for numerical calculation of the condensate fluctuations via relation ͑44͒ for up to, say Nϳ10 5 atoms. Distribution ͑40͒ can also be presented as a probability distribution for the total number of noncondensed atoms, n ϭNϪn 0 :
͑47͒
Distribution ͑47͒ has the form of the well-known negative binomial distribution ͓29͔,
that was so named due to a coincidence of the probabilities P n with the terms in the negative-power binomial formula
It has a semantic origin similar to that of the well-known binomial distribution P n ϭ( n M )(1Ϫq) n q M Ϫn , which was named after a Newton's binomial formula ͓qϩ(1Ϫq)͔ 
͑51͒
The centered moments of the mth order, mϾ1, of the number-of-condensed-atom and number-of-noncondensedatom fluctuations are equal to each other for even orders, and have opposite signs for odd orders:
͑52͒
The squared variance can be represented as
and calculated analytically. We obtain
is the probability that there are no atoms in the condensate. For the ''condensed phase'' in the thermodynamic limit, the probability p 0 vanishes exponentially if the temperature is not very close to the critical temperature. In this case only the first term in Eq. ͑54͒ remains, resulting in
͑56͒
This result was obtained earlier by standard statistical methods ͑see Ref. ͓3͔ and references therein͒. It is easy to see that result ͑47͒ reduces to the simple approximation ͑32͒ in the formal limit →0, H/→ϱ,
The limit applies to only very low temperatures, TӶ 1 . However, due to Eqs. ͑27͒ and ͑38͒, the parameter H/ tends to 1 as T→0, but never to infinity. Nevertheless, results ͑51͒ and ͑54͒ agree with the low-temperature approximation results ͑33͒ and ͑34͒ for TӶ 1 . In this case the variance ͱ⌬n 0 2 is determined mainly by a square root of the mean value ͗n͘, which is correctly approximated by Eq. ͑33͒ as ͗n͘ϵNϪ͗n 0 ͘ϷH.
V. MAIN PARAMETERS OF DIFFERENT TRAPS
As we have seen, the condensate fluctuations are governed mainly by two parameters: the number of thermal excitations H and the cross-excitation parameter . They are determined by a single-particle energy spectrum of the trap. We explicitly present them below for different traps. We discuss mainly the three-dimensional case. A generalization to other dimensions is straightforward and is given in Sec. V C.
A. Harmonic asymmetric trap
The potential in the harmonic trap has, in general, an asymmetrical profile in space,
Here m is the mass of the atom. The single-particle energy spectrum of the trap,
can be enumerated by three non-negative integers ͕k x ,k y ,k z ͖ϭk, k x,y,z у0. We have
The energy gap between the ground state and the first excited state in the trap is equal to 1 ϭប x . If the sums can be replaced by the integrals ͑continuum approximation͒, i.e., if ប x ӶT, the parameters H and H are equal to ͑see Appendix B͒
͑63͒
where a standard critical temperature is introduced as
, ͑3 ͒ϭ1.202 . . . , ͑2 ͒ϭ 2 6 .
͑64͒
Therefore, the cross-excitation parameter is a constant, independent of the temperature and the number of atoms, and is given by ϭ ͑2 ͒Ϫ͑ 3 ͒ ͑3 ͒ Ϸ0.37. ͑65͒
The ratio
goes to infinity in the thermodynamic limit proportionally to the number of atoms N.
In the opposite case of very low temperatures, TӶប x , we have
͑68͒
with an exponentially good accuracy. Now the crossexcitation parameter depends exponentially on the temperature and, instead of the number 0.37 ͓Eq. ͑65͔͒, is exponentially small. The ratio
becomes approximately a constant. The particular case of an isotropic harmonic trap is described by the same Eqs. ͑58͒-͑69͒ if we substitute x ϭ y ϭ z ϭ.
B. Box "''homogeneous gas''…
In a cubic box with a size L, the energy spectrum of a moving atom is similar to the spectrum of a free motion:
The difference is that an admissible momentum is quantized and is enumerated by three integers ϪϱϽk i Ͻϩϱ, i ϭx, y, and z. We then have
is the energy gap between the ground state and the first excited state in the box. Let us again consider first the case 1 ӶT and use the continuum approximation. In the box, contrary to the previous case of the harmonic trap, the sum can be replaced by the integral only for the parameter H, Eq. ͑71͒, leading to
where we introduced the critical temperature
.
͑75͒
The second parameter has a well-known formal infrared divergence ͓3,17,30͔ and should be calculated via the discrete sum ͑see Appendix B͒,
where the coefficient
is simply the number, S 4 ϭ16.53, and a contribution only from the first term in the Taylor expansion of the denominator in Eq. ͑72͒, e 1 k 2 /T Ϫ1ϭ 1 k 2 /Tϩ•••, is important. In the box the cross-excitation parameter is not a constant, but goes to infinity in the thermodynamic limit proportionally to N
͑79͒ also goes to infinity in the thermodynamic limit.
In the opposite case of very low temperatures, TӶ 1 , we have a situation similar to that in the harmonic trap. The parameters
is now a constant.
C. Power-law trap
We now consider the general case of a d-dimensional trap with an arbitrary power-law single-particle energy spectrum ͓15,16,31͔
where k j у0 is a non-negative integer and Ͼ0 is an index of the energy spectrum. We assume 0Ͻ 1 р 2 р••• р d , so that the energy gap between the ground state and the first excited state in the trap is 1 ϭប 1 . We then have
͑86͒
In the case 1 ӶT, as in the box, the sum can be replaced by the integral only for the parameter H ͓Eq.
where the critical temperature is
The second parameter can be calculated by means of this continuum approximation only if 0ϽϽd/2,
If Ͼd/2, it has a formal infrared divergence and should be calculated via a discrete sum,
The traps with a dimension lower than the critical value, d р, can be analyzed on the basis of Eqs. ͑85͒ and ͑86͒ as well. We omit this analysis here since there is no phase transition in this case.
The cross-excitation parameter has different dependence on the number of atoms for high, dϾ2, or low, d Ͻ2, dimensions:
͑92͒
Therefore the traps with small index of the energy spectrum, 0ϽϽd/2, are similar to the harmonic trap ͑Sec. V A͒. The traps with larger index of the energy spectrum, Ͼd/2, are similar to the box with ''homogeneous'' Bose gas. For the latter traps, the cross-excitation parameter goes to infinity in the thermodynamic limit proportionally to N 2/dϪ1 . The ratio H/ goes to infinity in the thermodynamic limit only for 0ϽϽd. In the opposite case, Ͼd, it goes to zero. We obtain
It is remarkable that BEC occurs only for those spatial dimensions dϾ, for which H/→ϱ at N→ϱ. ͑We do not consider here the case of the critical dimension dϭ, e.g., one-dimensional harmonic trap, where a quasi-condensation occurs at a temperature T c ϳប 1 N/ln N.͒ For spatial dimensions lower than the critical value, dϽ, BEC does not oc-cur ͑see, e.g., Ref. ͓15͔͒. Interestingly, even for the latter case there still exists a well-defined single peak in the probability distribution p n 0 at low enough temperatures. With the help of the explicit formulas in Sec. IV, we can describe this effect as well.
In the opposite case of very low temperatures, TӶ 1 , the parameters
The third centered moment, ͗(n 0 Ϫn 0 ) 3 ͘, vs normalized temperature T/T c , under various approximations ͓dashed lines for the low-temperature approximation ͑30͒, solid lines for the quasithermal approximation ͑40͒, and dots for the numerical simulation of the exact relations ͑44͒ and ͑46͔͒. Harmonic isotropic trap with ͑a͒ Nϭ20, ͑b͒ Nϭ200, and ͑c͒ Nϭ500 atoms.
FIG. 10. The fourth centered moment, ͗(n 0 Ϫn 0 ) 4 ͘, vs normalized temperature T/T c , under various approximations ͓dashed lines for the low-temperature approximation ͑30͒, solid lines for the quasithermal approximation ͑40͒, and dots for the numerical simulation of the exact relations ͑44͒ and ͑46͔͒. Harmonic isotropic trap with ͑a͒ Nϭ20, ͑b͒ Nϭ200, and ͑c͒ Nϭ500 atoms.
are exponentially small. The ratio
becomes a constant. Formulas ͑84͒-͑98͒ for the power-law trap contain all corresponding formulas for the three-dimensional harmonic trap (dϭ3 and ϭ1; Sec. V A͒ and box (dϭ3 and ϭ2; Sec. V B͒ as the particular cases.
In Figs. 4-6, we present numerical comparison of the exact results for the distribution of number of atoms in the ground level of a trap, p n 0 , with our approximate explicit formulas from Sec. II C in the particular case of threedimensional isotropic harmonic trap ͑see Sec. V A͒ for various temperatures. The results indicate an excellent agreement between the exact results and the results based on quasithermal approximation. We also plot the mean value ͗n 0 ͘ ͑Fig.
7͒ and the variance squared ⌬n 0 2 ͑Fig. 8͒ as well as the third ͑Fig. 9͒ and fourth ͑Fig. 10͒ centered moments under various approximations. In all cases our approximate results agree almost perfectly with the exact results.
VI. CONDENSATE STATISTICS IN THE THERMODYNAMIC LIMIT
The thermodynamic, or bulk ͓3͔, limit implies an infinitely large number of atoms, N→ϱ, in an infinitely large trap under the condition of a fixed critical temperature, i.e., N x y z ϭconst in the harmonic trap, L 3 Nϭconst in the box, and N ⌸ jϭ1 d j ϭconst in an arbitrary d-dimensional power-law trap with an energy spectrum index . Then BEC takes place at the critical temperature T c ͑for dϾ) as a phase transition, and for some lower temperatures the factor p 0 is negligible. As a result, we have the following mean value and the variance for the number of condensed atoms:
͑100͒
which agree with the results obtained for the ideal Bose gas for different traps in the canonical ensemble by other authors ͓3,15,16,30-34͔. In particular, we find the following scaling of the fluctuations of the number of condensed atoms:
where C is a constant. From Eq. ͑101͒, we see that in the high dimensional traps, dϾ2, e.g., in the threedimensional harmonic trap, fluctuations display the proper thermodynamic behavior, ⌬n 0 2 ϰN. However, fluctuations become anomalously large ͓15,17,30͔, ⌬n 0 2 ϰN 2/d ӷN, in the low-dimensional traps, ϽdϽ2. In the quantum regime, when the temperature is less than the energy gap between the ground and first excited levels in the trap, it follows from Eq. ͑102͒ that condensate fluctuations become exponentially small. For all temperatures, when BEC exists (dϾ), the root-mean-square fluctuations normalized to the mean number of condensed atoms vanish in the thermodynamic limit:
Another remarkable property of the distribution function obtained in Sec. IV is that it yields the proper mean value and variance of the number of atoms in the ground level of the trap even for temperatures higher than the critical temperature. In particular, it can be shown that its asymptotics for high temperatures, TӷT c , results in a standard thermodynamic relation ⌬n 0 2 Ϸ͗n 0 ͘, TӷT c ,
͑104͒
that was known from the analysis of the grand-canonical ensemble ͓3͔. This fact indicates that the present master equation approach to the statistics of the cooling Bose gas is valuable in the study of mesoscopic effects as well, both at TϽT c and TϾT c . Note that a recently developed so-called Maxwell's Demon ensemble approach to the statistics of BEC ͓14-16͔ is valid only for temperatures well below the onset of BEC, TϽT c , and is completely wrong for TϾT c .
VII. MESOSCOPICAL AND DYNAMICAL EFFECTS IN BEC
In recent experiments on BEC in ultracold gases ͓5͔, the number of condensed atoms in the trap is finite, i.e., mesoscopic rather than macroscopic, Nϳ10 3 -10 6 . Therefore it is interesting to analyze mesoscopic effects associated with the BEC statistics.
The mean number of atoms in the ground state of the trap with a finite number of atoms is always finite, even at high temperatures. However, it becomes macroscopically large only at temperatures lower than some critical temperature, T c , that can be defined via the standard relation
͑105͒
This equation has an elementary physical meaning, that is, it determines the temperature at which the total average number of thermal excitations at all energy levels of the trap becomes equal to the total number of atoms in the trap. Results ͑40͒, ͑51͒, and ͑54͒ shown in Fig. 4-8 , explicitly demonstrate a smooth transition from a mesoscopic regime ͑finite number of atoms in the trap, NϽϱ), to the thermodynamic limit (Nϭϱ) when the threshold of the BEC becomes very sharp so that we have a phase transition to the Bose-Einstein condensed state at the critical temperature given by Eq. ͑105͒. This can be viewed as a specific demonstration of the commonly accepted resolution to the Uhlenbeck dilemma in his famous criticism of the pioneering Einstein papers on BEC ͓1͔. Although for the systems containing a finite number of atoms there is not a sharp critical point, it is useful to define a critical characteristic value of a temperature in such a case as well. It should coincide with the standard definition ͑105͒ in the thermodynamic limit. Different definitions for T c were proposed and discussed in ͓35,12,36-42͔. We follow a hint from laser physics. There we know that fluctuations dominate near threshold. However, we define a threshold inversion as that for which gain ͑in photon number for the lasing mode͒ equals loss. Let us use a similar dynamical approach for BEC on the basis of the master equation; see also Ref.
͓43͔.
We note that, for a laser operating near the threshold where B/AӶ1, the equation of motion for the probability p n of having n photons in the cavity ͓Eq. ͑1͔͒ reduces to ͓44,45͔ dp n dt ϭϪ͓A͑nϩ1 ͒ϪB͑ nϩ1 ͒ 2 ͔p n ϩ͓AnϪBn 2 ͔p nϪ1
ϪCnp n ϩC͑nϩ1 ͒p nϩ1 , ͑106͒
where A, B, and C are the linear gain, nonlinear saturation, and linear loss coefficients, respectively. Equation ͑106͒ implies the following rate of the change for the average photon number d dt ͗n͘ϭ͑AϪC͒͗n͘ϪB͗͑nϩ1͒ 2 ͘ϩA.
͑107͒
On neglecting the spontaneous emission term A and noting that the saturation term B͗(nϩ1) 2 ͘ is small compared to (AϪC)͗n͘ near threshold, we define the threshold ͑critical͒ inversion to occur when the linear gain rate equals the linear loss rate, i.e., AϭC. Similar to laser physics, the condensate master equation ͑20͒ implies a coupled hierarchy of moment equations which are useful in the analysis of time evolution. In the quasithermal approximation ͑39͒, we find
͑108͒
Similar moment equations in the low-temperature approximation ͑28͒ follow from Eq. ͑108͒ with ϭ0:
The dynamical equation for the first moment, as follows from Eq. ͑108͒, has the following form:
͑110͒
Near the critical temperature TϷT c , the mean number of the condensed atoms is small, ͗n 0 ͘ӶN, and it is reasonable to neglect the second moment ͗n 0 2 ͘ compared to N͗n 0 ͘ and the spontaneous cooling ͑spontaneous emission in lasers͒ term N(1ϩ) compared to N͗n 0 ͘. In this way, neglecting fluctuations, we arrive at a simple equation for the competition between cooling and heating processes:
͑111͒
In analogy with the laser threshold we can define the critical temperature TϭT c , as a point where cooling equals heating, i.e., d͗n 0 ͘/dtϭ0. This definition of the critical temperature
is valid even for mesoscopic systems, and states that at T ϭT c the rate of the removal of atoms from the ground state is equal to the rate of the addition, in the approximation neglecting fluctuations. In the thermodynamic limit it corresponds to the standard definition ͓Eq. ͑64͒ for a harmonic trap, and Eq. ͑75͒ for a box trap͔. For a mesoscopic system, e.g., of Nϭ10 3 atoms in a trap, the critical temperature as given by Eq. ͑112͒ is about 10% shifted from the thermodynamic-limit value, Eqs. ͑64͒, ͑75͒, ͑88͒. Other definitions for T c also describe the effect of an effective-T c shift ͓35,12,36-42͔ and agree qualitatively with our definition.
Note that precisely the same definition of the critical temperature follows from a statistical mechanical point of view, which in some sense is alternative to the dynamical one. We may define the critical temperature as the temperature at which the mean number of condensed atoms in the steadystate solution to the master equation vanishes when neglecting fluctuations and spontaneous cooling. We make the replacement ͗n 0 2 ͘Ϸ͗n 0 ͘ 2 in Eq. ͑110͒ and obtain the steadystate solution to this nonlinear equation, ͗n 0 ͘ϭNϪHϪ. Now we see that ͗n 0 ͘ vanishes at the same critical temperature ͑112͒.
VIII. CONCLUSIONS
It is interesting to note that the first results for the average and variance of occupation numbers in the ideal Bose gas in the canonical ensemble were obtained about 50 years ago by the standard statistical methods ͓32,33͔ ͑see also Refs. ͓30,34͔ and review ͓3͔͒. Only later, in the 1960s, was the laser physics and its byproduct, the master equation approach, developed ͑see, e.g., Refs. ͓10,45͔͒. In this paper we have shown that the latter approach provides very simple and effective tools to calculate statistical properties of the ideal Bose gas cooling by the thermal reservoir. In particular, our results ͑51͒ and ͑54͒ reduce to the mentioned old results in the ''condensed region'' NϪN c ӷN c ͱT/ 1 in the thermodynamic limit.
However, the master equation approach gives even more. It yields simple analytical expressions for the distribution function of the number of condensed atoms ͓Eq. ͑40͔͒ and for the canonical partition function ͑41͒. In terms of cumulants, or semi-invariants, ͓29͔ for the stochastic variables n 0 or nϭNϪn 0 , we can show ͓18͔ that the quasithermal approximation ͑35͒, with results ͑51͒ and ͑54͒, gives correctly both the first and second cumulants. The analysis of the higher-order cumulants is more complicated, and includes in principle a comparison with more accurate calculations of the conditioned average number of noncondensed atoms ͓Eq. ͑19͔͒ as well as higher-order corrections to the second order master equation ͑12͒. It is therefore clear that the master equation approach is capable of giving the correct answer for all higher-order cumulants and, therefore, moments of the condensate fluctuations. In the present paper, we demonstrated that even without these complications our approximate result ͑40͒ reproduces the higher moments, calculated numerically via the exact recursion relation ͑46͒, remarkably well for all temperatures TϽT c and TϳT c ͑see Figs. 8-10͒ .
As we demonstrated in Secs. II and V, the simple formulas yielded by the master equation approach allow us to study mesoscopic effects in BEC for a relatively small number of atoms that is typical for recent experiments ͓5͔. Moreover, it is interesting in the study of the dynamics of BEC ͑Sec. VII͒. This technique for studying statistics and dynamics of BEC shows surprisingly good results even within the simplest approximations. Thus the analogy with phase transitions and quantum fluctuations in lasers ͑see, e.g., Refs. ͓10,11,21,22͔͒ clarifies some problems in BEC. The present paper is largely devoted to the equilibrium properties of the number-of-condensed-atom statistics which are relatively insensitive to the details of the model. The origin of dynamical and coherent properties of the evaporatively cooling gas with an interatomic interaction is conceptually different from that in the present ''ideal gas plus thermal reservoir'' model. The present model is rather close to the dilute 4 He gas in porous gel experiments ͓4͔ in which phonons in the gel play the role of the external thermal reservoir. Nevertheless, the noncondensed atoms always play a part of some internal reservoir and the condensate master equation probably contains terms similar to those in Eq. ͑20͒ for any cooling mechanism.
The problem of dynamics and fluctuations of BEC for the interacting gas is much more involved. The master equation approach provides a very powerful tool for the solution of this problem as well. Of course, to take into account higherorder effects of interaction between atoms, we have to go beyond the second-order master equation, i.e., to iterate Eq. ͑11͒ more times and to proceed with the higher-order master equation similarly to that we discussed above. It is possible to show ͓46͔ that the master equation approach allows us to take into account all higher order effects in a way generalizing a well-known nonequilibrium Keldysh diagram technique ͓47-49͔. As a result, the second-order master equation analysis presented above can be justified rigorously, and higher-order effects in condensate fluctuations at equilibrium as well as nonequilibrium stages of cooling of both ideal and interacting Bose gases can be calculated. These aspects of the problem will be discussed elsewhere.
We mention here only an important result of an analytical calculation of all higher cumulants ͑moments͒ ͓18͔. In most cases ͑except for the ideal gas in the harmonic trap and similar high-dimensional traps where dϾ26͒, both for the ideal Bose gas and for the interacting Bose gas, the third and higher cumulants of the number-of-condensed-atom fluctuations normalized to the corresponding power of the variance, e.g., Š(n 0 Ϫ͗n 0 ͘) 
